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Abstract. A linear manifold K2 of evolutionary equations for a pseudovector field on R3 is
described. An infinitisimal shift of each equation is determined by a second-order differential operator
of divergent type. All operators are invariant with respect to space translations in R3, relative to time
translations, and they are transformed by covariant way relative to rotations of R3. It is proved that
the linear space M2 ⊂ K2 of differential operators preserving solenoidal property and unimodularity
of the field is one-dimensional and an explicit form of such operators is found.
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1. Introduction. In theoretical physics, when solving problems that are formulated
in terms of partial differential equations, the construction of evolutionary equations based
on physically justified suppositions is the key problem. Usually, the reasoning used at the
construction of differential equations which are adequate to the described physical reality is
not the object of study in the theory of differential equations. Such a situation has developed
historically. It is because the most known equations of mathematical physics which are used
for describing the dynamics of continuous media such as the heat equation, the Navier-
Stokes equations describing hydrodynamics of Newtonian fluids, the system of Maxwell’s
equations and others are now sufficiently justified from a physical point of view, and those
mathematical problems that had to solve their discoverers, are seemed not very important
from a mathematical point of view.

The situation is completely changed when theoretical physicists have to solve problems
connected with the "derivation" of adequate differential equations for the study of physical
situations fundamentally different from those already well studied. In this case, well-developed
stereotypes of reasoning such as, for example, hamiltonian (lagrangian) formalism are usually
used. Examples of such a situation is the list of works [1] - [16] that is not complete. The
ideological scheme of reasoning in these works is as follows. It is assumed that it is sufficient
to establish a general form of the constructing suitable system of evolutionary equations
without taking into account physical dissipative processes. It is assumed that to account
the dissipative mechanisms governing the evolution of the system it is sufficient to add a
second-order differential operator with suitable coefficients to the evolution generator. For
the construction of a non-dissipative equations system, the method of the Hamilton function
(the Lagrange function) is used, as it is done in classical mechanics (see, for example, [17]).

Let be fixed a phase space of all dynamic states of the studied system which are admissible
at each time moment t ∈ R+. It consists of the set X(t) = 〈Xa(x, t); a = 1 ÷ N〉 functions
describing the instantaneous physical state of the medium at a fixed value t ∈ R+ at
each spatial point with the radius-vector x ∈ R3. The values of these functions are the
instantaneous values of the complete set of thermodynamic parameters Xa, a = 1 ÷ N
characterizing the states of the medium in the small neighborhood of the point x.
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Denote by Cs the space of s-multiple continuously differentiable functions Xa(x), a =
1÷N on R3. It is implied that the temporal change of the medium state is described by the
following system of evolutionary equations in this space

Ẋa(x, t) =
(
La[X]

)
(x, t) , a = 1÷N . (1)

The collection of fields Xa(x, t), a = 1 ÷ N satisfies this system. Here, the dot denotes
differentiation by t and La, a = 1 ÷ N is a differential operator. This nonlinear operator is
given by the formula

(
La[X]

)
(x, t) =

s∑

l=0

N∑
a1,...,al=1

∑

〈k1,...,kl〉 :
k1+...+kl≤s

Q
(a;a1,...,al)
j1,...,jl

(X)
l∏

m=1

(∇jkm−1+1
...∇jkm

Xam

)
, (2)

k0 = 0, a = 1÷N in general case. Hereafter, ∇ denotes the gradient operation in R3 and it
is assumed that the summation by low «spatial» indexes j1, ..., jl in each summand is done
on 1, 2, 3.

In the framework of Hamiltonian (Lagrangian) formalism, the construction of a system of
evolutionary equations is reduced to the choice of the so-called Hamiltonian function H[X]
(respectively, Lagrangian function), which is a functional on the fields Xa(x, t), a = 1 ÷ N
for every fixed t. Additionally, it is necessary to determine the appropriate bilinear anti-
symmetric operation [·, ·] on the space Cs, which satisfies the Leibniz identity [AB, C] =
[A, C]B + A[B, C] and the Jacobi one [A[B, C]] + [B, [CA]] + [C[A, B]] = 0. Then the class of
Hamiltonian (Lagrangian) equations consists of such ones having the form (1) which are
representable as

Ẋa(x, t) = [H, X]a(x, t) , a = 1÷N. (3)

Namely, such an approach is implemented in all works from the list above pointed out. An
ideology based on hamiltonian (lagrangian) formalism is familiar to the theoretical physicist.
Such a method is convenient for taking into account the symmetries that need to take into
account for physical reasons when constructing the equations system.

The described method of constructing evolutionary equations has two disadvantages. It is
implicitly assumed that the class of hamiltonian (lagrangian) equations contains the system
that adequately describes the studied physical situation when the dissipative mechanisms are
switched off. Secondly, it is considered that the account of dissipation in this system is always
possible within the specified scheme and it is quite simple. However, when describing the
dynamics of such condensed matter, the thermodynamic description of which includes the
characteristic order parameter, there are situations when these shortcomings of the method
are manifested themselves in full. In particular, it turned out that the evolutionary equations
obtained on the basis of the hamiltonian (lagrangian) formalism are not always physically
adequate as, for example, is in the case of nematic liquid crystals (see, [13]). In addition,
accounting of dissipation is not always possible according to the above scheme as it is, for
example, in the case when the dynamics of magnetically ordered media (see, for example,
[14]) describing.

In view of the fact that the class of evolutionary equations based on hamiltonian (lagrangian)
formalism turns out to be embarrassing when constructing the dynamics of complex condensed
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matter, it seems natural to overcome the shortcomings of the method by a significant
extension of this class of hamiltonian (lagrangian) equations. In this paper, we accept such
an extension of the class of admissible equations, which is maximal from the point of view
of taking into account the fundamental symmetries of the physical equations with respect
to the group of spatial movements. Namely, we require that the operator La, a = 1÷N be
invariant with respect to the transformation group T⊗R3 where T is the translations group
of the temporal variable t ∈ R3 is the translation group of the space R3 and we demand also
that equations of the class are covariant with respect to transformations of the group O3

which describe rotations of space R3. In this case, the linear space of the values ∇Xa(x, t),
a = 1 ÷ N should be transformed according to the representation of this group (see, for
example, [18]).

The invariance requirements with respect to the group T ⊗ R3 lead to the coefficients
Q

(a;a1,...,al)
j1,...,jl

(X) of operators La, a = 1÷N which should not be depend explicitly on either t
or x, but they depend only on the values of the field set X = ∇Xa(x, t), a = 1÷N in the
current spatially-time point. The requirement of covariance of the equations is reduced to
the fact that the coefficients Q

(a;a1,...,al)
j1,...,jl

(X) should be transformed as tensor representations
of the group O3. The last leads to restrictions of the form of their functional dependence on
the set X.

Thus, the problem of describing the class Ks of admissible differential operators La,
a = 1 ÷ N of fixed order s is reduced to describing their covariant tensor coefficients
Q

(a;a1,...,al)
j1,...,jl

(X). Ideologically, this approach is close to the one used in [19], [20] at the
construction of evolutionary equations in the mechanics of viscoelastic continuums.

Although, the covariance requirement of coefficients Q
(a;a1,...,al)
j1,...,jl

(X) imposes some restric-
tions on their functional dependence on X, but it leaves a large opportunity for their choice
in the form

Q
(a;a1,...,al)
j1,...,jl

(X) =
∑

α∈Ql

f
(α)
l (X)Q

(a;a1,...,al)
α;j1,...,jl

(X) , (4)

where Q
(a;a1,...,al)
α;j1,...,jl

(X) is the fixed basis Ql of covariant tensor-functions (see, for example,
[21] where they are named the form-invariant tensors) with values in the form of lth rank
tensors and f

(α)
l (X), α = Ql are arbitrary invariant functions on the collection of invariants

X. One may find the maximum set of functionally independent invariant among them. It is
the so-called integral rational basis of invariants, and Q

(a;a1,...,al)
α;j1,...,jl

(X).
The description of the basis Ql linear independent tensor-functions for each l = 0 ÷ s

as well as the description of the integral rational basis are subjects of the algebraic theory
of invariants (see, in this occasion [21], [22]). Their construction solves the problem of the
internal description of the class of differential operators Ks based on the formulas (1), (2)
and the decomposition (4). At the same time, now we are not interested in the correctness of
statements of any initial boundary value problems for the equations (1) defined by operators
of the class Ks.

Within the framework of the internal description of the class Ks, it is already possible to
formulate a problem about the description of the class of all evolutionary equations describing
the concrete physical continuum. The description of the class Ks is greatly simplified by
reducing the number of basis functions in the case when the medium is not anisotropic. We
will call the corresponding differential operators the isotropic or spherically symmetric ones.
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Moreover, a significant narrowing of the class Ks of possible differential operators La occurs
when such a subclass Ms is extracted which contains operators satisfying some additional
conditions associated with the description of a particular physical situation. Usually, these
additional conditions consist of the requirement that some manifolds in the space Cs are
invariant during the evolution defined by the generator La. The internal description of the
subclass Ms is, generally speaking, a meaningful mathematical problem.

In this paper, we present a solution to the problem of describing a manifold M2 of
isotropic second-order differential operators having divergent type in the case where the
set X(x) is a pseudo-vector field (see, for example, [6]). In this case, the manifold M2 is
defined by additional constraints: the unimodularity condition X2(x, t) =const of the field
X(x, t) and the condition of preserving its solenoidal property (∇,X) = 0. The solution of
such a problem represents a generalization of the well-known Landau-Lifshitz equation [24]
to describe the evolution of the magnetic moment density in an isotropic ferromagnetically
ordered medium.

2. Divergent type operators of the class K2 in the space C2 of pseudovector
fields. Consider a system of equations of the form (1) for the collection of fields X(x, t)
that consists of three components of a pseudo-vector field (N = 3). Since the components
have the same geometric meaning as components of the radius vector x = 〈x1, x2, x3〉, we will
similarly number them X = 〈Xj; j = 1, 2, 3〉 and accordingly we will number the components
of the differential operator Lj[X] by the index j = 1, 2, 3.

Suppose that Lj[X] is a second-order operator according to spatial derivatives, that is,
the decomposition (2) consists of terms with l = 0, 1, 2 and, therefore, it takes the form
(
Lj[X]

)
(x, t) = Qj +Q

(j;k1)
j1

∇j1Xk1 +Q
(j;k1,k2)
j1,j2

(∇k1Xj1)(∇k2Xj2)+Q
(j;k1,k2)
j1

∇k1∇k2Xj1 , (5)

j = 1, 2, 3 where Qj, ..., Q
j;k1,k2

j1,j2
are tensors having ranks from 1 to 5, correspondingly. Here,

we use also the agreement on the summation over repeated tensor indices.
Further, in this work we will investigate the case when the operator Lj has the divergent

type. The importance of a separate study of the case of evolutionary equations of divergent
type is due to the fact that, from a physical point of view, they represent so-called local
conservation laws for the fields Xj(x, t) changing with time. According to the general definition
of such differential operators (see, for example, [25]), we present the decomposition of (5) as

Lj[X] = ∇kSj; k[X] , Sj; k[X] = Tj,k;l,m(X)∇lXm + Tj,k(X) , j = 1, 2, 3 . (6)

where the coefficients Tj,k;l,m(X), Tj,k(X) represent the covariant tensor functions on the
unique invariant X2 of the vector X. Decompositions analogous to (4) are valid for them

Tj,k;l,m(X) =
∑

α∈T4

f (α)(X)T
(α)
j,k;l,m(X) , Tj,k(X) =

∑

β∈T2

g(α)(X)T
(α)
j; k (X) (7)

with basis covariant tensor functions of the 4th and 2nd ranks respectively, making up the
collections T4 and T2.

Due to the divergent nature of the operator Lj, the tensor functions are not uniquely
defined, but up to a term whose divergence is identically zero. This nonuniqueness can be
characterized by the following statement.
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Theorem 1 [see, for example, [26]]. For functions Sj; k ∈ C2
2 that satisfy the condition

∇kSj; k = 0, there is a representation Sj; k = εklm∇lZa; m with a tensor-function Zj; m of C2
2,

where εklm is a Levi-Civita pseudotensor in R3.
Therefore, to solve the problem of describing operators of divegent type containing in

the manifold K2, it is necessary and sufficient to describe all tensor- functions Sj; k satisfying
the covariance condition under rotation of R3, which represent the actions of differential
operators of the 2th order defined up to an arbitrary function εklm∇lZj; m, Zj; m ∈ C2

2. In
this case the functions Sj; k are represented, according to (6), by the action of first-order
quasi-linear differential operators on the field X.

To solve such a problem, we need to find the basis tensor functions that make up
the collections T4 and T2 and make up the functions Sj; k[X] up to an arbitrary function
εklm∇lZj; m. Basis functions are linearly independent monomials with respect to the tensor
product in the algebra with a fixed set of generators.

In the case the set of algebra generators consists of the pseudovector X = 〈X1, X2, X3〉,
of the second-rank tensor δ (the Kronecker symbol) and of the third-rank pseudotensor ε
(the Levi-Civita symbol) whcih are universal for R3.

Since applying the elements of the group O3 to the left side of the equation transforms
it as a tensor of second rank in the case of continuous rotations of space and reverses the
sign at full reflection of R3, then Sj; k[X] is the pseudotensor of second rank. For this reason,
the coefficients Tj,l; k,m(X) and Tj; k(X) are, respectively, the tensor of fourth rank and the
pseudotensor of second rank. The enumeration of collections T4 and T2 consisting of such
elements is given by the following statement.

Theorem 2 [see, [27]]. The collection T2 = ∅ and the collection T4 of basis tensor-
functions T

(α)
j,l; k,m(X) consists of 26 elements represented by the following list:

1. δjkδlm, δjlδkm, δjmδkl;
2. δjkXlXm, δjlXkXm, δjmXkXl, δklXjXm, δkmXjXl, δlmXjXk;
3. δjkεlmnXn, δjlεkmnXn, δjmεklnXn, δklεjmnXn, δkmεjlnXn, δlmεjknXn;
4. Xjεklm, Xkεlmj, Xlεmjk, Xmεjkl;
5. XjXkεlmnXn, XjXlεkmnXn, XjXmεklnXn, XkXlεjmnXn, XkXmεjlnXn, XlXmεjknXn;
6. XjXkXlXm .
¤ The proof is based on the fact that the pseudovector X and the pseudotensor ε must

be together as factors in the tensor product only even number of times when constructing
monomial having the fourth rank. In this case, the Levi-Civita symbol can appear no more
than once, due to the tensor identity (see, for example, [11])

εj1j2j3εk1k2k3 = det D , (D)lm = δjlkm , l, m = 1, 2, 3 ,

which expresses the tensor product of symbols through a linear combination of tensor
products of Kronecker’s symbols.

Verifying of linear independence of tensor-functions of T
(α)
j,l; k,m(X) of the presented list is

to check their linear independence separately in each of the groups 1-6 enumerated in the
theorem because of the different degree of the pseudovector X occurrence in products and
due to presence or absence of pseudotensor ε in products. The linear independence of tensors
in each group is obvious. ¥
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On the basis of this theorem, using the formulas (6) and (7), we write down the expression
which is the description of differential operators Lj, j = 1, 2, 3 of the class K2 of divergent
type in the space C2,

Lj[X] =
26∑

α=1

∇k

(
f (α)(X2)T

(α)
j, l; k,m(X)∇mXl

)
(8)

where we pointed out explicitly the dependence of the coefficients f (α)(X2), α = 1÷ 26 on
the unique invariant X2 which are continuous differentiable.

Convolutions T
(α)
j, l; k,m(X)∇mXl in the formula (15) are quasilinear differential operators

of 1st order. Using notations of the vector algebra in R3, they are represented by the following
list compiled according to the order specified in the formulation of the theorem:

δjk(∇,X) , ∇jXk ±∇kXj ; (9)

δjk(X,∇)X2 , Xk∇jX
2 ±Xj∇kX

2 , Xj(X,∇)Xk ±Xk(X,∇)Xj , XjXk(∇,X) ; (10)

δjk(X, [∇, X]) , [X,∇]jXk±[X,∇]kXj , εjlnXn∇kXl±εklnXn∇jXl , εjkmXm(∇, X); (11)

Xj[∇,X]k ±Xk[∇, X]j , εjkl(X,∇)Xl , εjkl∇lX
2; (12)

XjXk(X, [∇,X]), εjkmXm(X,∇)X2,

Xj[X, (X,∇)X]k ±Xk[X, (X,∇)X]j, Xj[X,∇]kX
2 ±Xk[X,∇]jX

2; (13)

XjXk(X,∇)X2 . (14)

At the same time, we have formed symmetric and antisymmetric combinations of them using
their linear independence.

As a result of our analysis in this section, we may assert the following statement.
Theorem 3. All differential operators Lj[X] ∈ K2 of divergent type in the space C2 of

pseudovector fields X are represented by the following formula (8) where the operators of
the first order T

(α)
j,l; k,m(X)∇mXl, α = 1÷ 26 represented by the list (9)-(14).

3. Dynamics of unimodular solenoidal pseudovector fields. Further, we study the
dynamical equation of solenoidal and unimodular fields in the space C2 of all pseudovector
fields so that differential operators of the class K2 are its generators. We denote the manifold
of all such fields in the space C2 by M2.

We call the field X(x, t) as the unimodular one, if it possesses the property X2(x, t) =
M2 = const. Let us use the formula (8). All functions f (α)(X2), α = 1÷ 26 in this formula
are converted into constants. At this condition the tensor-functions Sj; k[X] given by the
expressions (10) and (12)-(14) are vanished if there are derivatives∇jX

2. These are functions
with numbers 4-6, 19, 21, 24-26, where their numbering corresponds to the order presented
in the given list.

If, additionally, the field X(x, t) is solenoidal, (∇,X) = 0 (more generally ó, it has the
invariant (∇,X)), then summands T

(α)
j,k;l,m(X) with labels α = 1, 9, 15 where there is the

divergence (∇,X) are vanished.
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As a result, we have that the general equation Ẋj = Lj[X] which describes dynamics
of the field X(x, t) with the differential operator giving according to Theorem 3 takes the
following form when the field satisfies unimodularity and solenoidal property conditions

Ẋj = (f (2) − f (3))∆Xj+

+(f (7) + f (8))∇k(Xj(X,∇)Xk) + (f (7) − f (8))∇k(Xk(X,∇)Xj)+

+f (10)∇j(X, [∇,X]) + (f (11) + f (12))∇k([X,∇]jXk) + (f (11) − f (12))∇k([X,∇]kXj)+

+εjln(f (13) + f (14))∇k(Xn∇kXl) + εkln(f (13) − f (14))∇k(Xn∇jXl)+

+(f (16) + f (17))∇k(Xj[∇, X]k) + (f (16) − f (17))∇k(Xk[∇,X]j)+

+εjklf
(18)∇k(X,∇)Xl + f (20)∇kXjXk(X, [∇, X])+

+(f (22) + f (23))∇k(Xj[X, (X,∇)X]k) + (f (22) − f (23))∇k(Xk[X, (X,∇)X]j) . (15)

Here, the numbering of constants f (α) is used as in the previous section, namely, it corresponds
to the order of T

(α)
j, l; k,m(X)∇mXl in formulas (9)-(13).

In order for the operator Lj[X] preserved the properties of unimodularity and solenoidal
property of the field X(x, t), it is necessary and sufficient that for any twice continuously
differentiable pseudovector field X on R3 the equalities

∇jLj[X] = 0 , XjLj[X] = 0 . (16)

are identically fulfilled. Let us analyze the possibilities of performing these equalities for
arbitrary fields X of the manifold M ⊂ C2. This analysis consists of the following points
I-VII.

I. First of equalities (16) leads to the following equation relative to coefficients f (α):

f (7)∇j∇k(Xj(X,∇)Xk + Xk(X,∇)Xj) + f (10)∆(X, [∇,X])+

+f (11)∇j∇k([X,∇]jXk + [X,∇]kXj) + f (13)∇j∇k(εjlnXn∇kXl + εklnXn∇jXl)+

+f (16)∇j∇k(Xj[∇,X]k + Xk[∇,X]j) + f (20)∇j∇kXjXk(X, [∇,X]) +

+f (22)∇j∇k(Xj[X, (X,∇)X]k + Xk[X, (X,∇)X]j) = 0 , (17)

and the second one gives the equation:

(f (2) − f (3))Xj∆Xj + f (10)Xj∇j(X, [∇,X]) + +εkln(f (13) − f (14))Xj∇k(Xn∇jXl)+

+(f (7) + f (8))Xj∇k(Xj(X,∇)Xk) + (f (7) − f (8))Xj∇k(Xk(X,∇)Xj)+

+(f (11) + f (12))Xj∇k([X,∇]jXk) + (f (16) − f (17))Xj∇k(Xk[∇,X]j)+

+εjklf
(18)Xj∇k(X,∇)Xl + f (20)Xj∇kXjXk(X, [∇,X])+

+(f (22)+f (23))Xj∇k(Xj[X, (X,∇)X]k)+(f (22)−f (23))Xj∇k(Xk[X, (X,∇)X]j) = 0. (18)

We demand that the coefficients f (α) in these equations did not depend on the value of
the length M2. Then the given two equations decay into a series of equations, according to
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the degree of the field X in the monomials included in them. The equation (17) leads to the
equalities:

f (10)∆(X, [∇, X]) + 2f (11)∇j∇k[X,∇]jXk + 2εjlnf
(13)∇j∇kXn∇kXl+

+2f (16)∇j∇kXj[∇,X]k = 0 (19)

with summands having the degree 2,

f (7)∇j∇kXj(X,∇)Xk = 0 (20)

with summands having the degree 3,

f (20)∇j∇kXjXk(X, [∇,X]) + 2f (22)∇j∇kXj[X, (X,∇)X]k = 0 , (21)

with one monomial having the degree 4. The equation (18) leads, correspondingly, to equations:

(f (2) − f (3))Xj∆Xj = 0 ; (22)

f (10)Xj∇j(X, [∇,X]) + εjklf
(18)Xj∇k((X,∇)Xl) + εkln(f (13) − f (14))Xj∇k(Xn∇jXl)+

+(f (11) + f (12))Xj∇k([X,∇]jXk) + (f (16) − f (17))Xj∇k(Xk[∇, X]j) = 0 ; (23)

(f (7) + f (8))Xj∇k(Xj(X,∇)Xk) + (f (7) − f (8))Xj∇k(Xk(X,∇)Xj) = 0 ; (24)

f (20)Xj∇kXjXk(X, [∇, X]) + (f (22) + f (23))Xj∇k(Xj[X, (X,∇)X]k)+

+(f (22) − f (23))Xj∇k(Xk[X, (X,∇)X]j) = 0 . (25)

II. Equality (22) for a unimodular field X(x, t) is only possible if (∇kXl)(∇kXl) = 0. In
turn, it is possible only when X(x, t) = X(0) is constant. Then f (2) = f (3). In the general case
∇j∇kXj(X,∇)Xk 6= 0 for arbitrary unimodular, solenoidal fields. Then from the equality
(20) we have that f (7) = 0. In this case, from (24) it follows that f (8)XjXk∇k(X,∇)Xj = 0.
Since in the general position of the field X(x, t) in the space C2 the expression with coefficient
f (8) is not equal to zero, then f (8) = 0.

III. Let us find the connections between the remaining undefined coefficients by means
of linearization of equalities (19), (21), (23) and (25) near the constant field X(0). Assuming
in the equations that X = X(0) + Y where the field Y (x, t) is the arbitrary solenoidal one
due to solenoidal property of X(x, t), (∇, Y ) = 0, and it is orthogonal to the direction X(0),
(X(0), Y ) = 0 due to unimodularity of the field X. Linearization of the above equations on
the field Y results in the following equalities:

(f (10) + 2f (13))(X(0), [∇, ∆Y ]) = 0 , (26)

(f (20) − 2f (22))(X(0),∇)2(X(0), [∇,Y ]) = 0 , (27)

(f (10) + f (13) − f (14) + f (16) − f (17) + f (18))(X(0),∇)(X(0), [∇,Y ]) = 0 , (28)

(f (20) − f (22) − f (23))M2(X(0),∇)(X(0), [∇,Y ]) = 0 . (29)

After substitution Y = A exp(x,k) in the equalities (26)-(29) where vectors k and A are
such that (A,X(0)) = 0, (A,k) = 0, correspondingly, we obtain nonzero multipliers in each
equality which do not depend on the field Y . Then

f (10) + 2f (13) = 0 , f (20) = 2f (22) , f (22) = f (23) . (30)
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f (18) = f (13) + f (14) + f (17) − f (16) . (31)

The equation (21) takes the following form when we take into account equalities (30)

f (20)(∇j∇kXjXk(X, [∇,X]) +∇j∇kXj[X, (X,∇)X]k) = 0 , (32)

IV. Substitute the unimodular solenoidal field Xj = Aj cos(x,k) +Bj sin(x, k) in the
equality (32) where kjAj = kjBj = AjBj = 0. Then (X,∇)X = 0 and (X, [∇, X]) =
εjklkkAjBl. Therefore, (32) is reduced to the equality f (20)(∇kXj)(∇jXk) = 0 = f (20)(SpA2)
where we may chosen the matrix (A)jk ≡ Ajk = ∇jXk without a trace as the diagonal
one in the fixed point x = 0, then SpA2 6= 0. Consequently, f (20) = 0 and, therefore,
f (22) = f (23) = 0.

The equation (19) takes the form with account of (30):

f (13)(εjln∇jXn∆Xl −∆(X, [∇,X])) +∇j∇k(f
(11)[X,∇]jXk + f (16)Xj[∇,X]k) = 0 . (33)

Using unimodularity and solenoidal property of the field X, we represent the summands
in (33) in the following form

∇j∇k[X,∇]jXk = εjlnBljkAnk , ∇j∇kXj[∇,X]k = εjlnAnkBljk ,

εjln∇j(Xn∆Xl)−∆(X, [∇, X]) = −2εjln[AjlBnkk + AknBljk] ,

where Bljk ≡ ∇j∇kXl is the tensor of third rank which is symmetric on the pair of last
indices. Substitution of these expressions in the equation (33) reduces it to the form

εjln[(f (11) + f (16))AnkBljk − 2f (13)(AknBljk + AjlBnkk)] = 0 . (34)

V. Let us analyze the equality (34) in a neighbourhood of arbitrary fixed point x0 when
the coefficients are not equal zero. Not restricting the generality we will consider x0 = 0. We
use the power decomposition of the field X at this point

Xj = X
(0)
j + Ajkxk + Bjklxkxl/2 + o(|x|2) . (35)

Coefficients of the decomposition should satisfy the conditions

X2 = X
(0)
j X

(0)
j + 2X

(0)
j Ajkxk + (AjkAjl + X

(0)
j Bjkl)xkxl + o(|x|2) = M2

and, consequently, 2X
(0)
j Ajkxk +AjkAjlxkxl +X

(0)
j Bjklxkxl ++o(|x|2) = 0. Besides, it should

be fulfilled
∇jXj = Ajj + Bjjkxk + o(|x|) = 0 .

Then, for possibility of existence of the decomposition (35), it is necessary and sufficient that
the coefficients Ajk and Bjkl the conditions: Bjkl = Bjlk,

Ajj = 0 , X
(0)
j Ajk = 0 , Bjjk = 0 , AjkAjl + X

(0)
j Bjkl = 0 , (36)

should be satisfied and in the rest they can be chosen arbitrarily.
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VI. We will prove that f (13) = 0. Without limiting generality, we believe that X
(0)
3 = M .

Then it follows from (36) that

Aj3 = 0 , AmkAml + MB3kl = 0 , k, l = 1, 2, 3 .

Suppose that Akl = δk3(1− δl3). Then (AT A)kl = (1− δk3)(1− δl3) and B3kl = 0 due to (36)
if at least one of the indices is 3 and B3kl = −M−1 at k, l 6= 3.

Elements Bjkl with j = 1, 2 can be chosen arbitrarily, but taking into account the relations
Bjjk = 0 and Bjkl = Bjlk. Suppose Bjkl = b(j)Bkl for j = 1 and k, l = 1, 2, 3 where the matrix
Bkl is symmetric.

Consider the condition Bjjk = 0. Since B33k = 0, then we get

B113 + B223 = b(1)B13 + b(2)B23 ≡ b(1)b1 + b(2)b2 = 0

at k = 3. It is always possible to satisfy this equality for any predetermined numbers b(1)

and b(2) matching the numbers b1 and b2 appropriately.
For k = 1, 2, the condition Bjjk = 0 turns into the following b(1)B1k + b(2)B2k = 0, that

is, B2k = λB1k where λ = −b(1)/b(2) ∈ R is an arbitrary number. Finally, it follows from the
symmetry condition of the matrix Bkl that

Bkl = b

(
1 λ
λ λ2

)
, b = B11 .

Using the above defined tensors Ajk and Bjkl, we find that the equalities

εjlnAnkBljk = bb(2)(1− λ2) , εjlnAjlBnkk = 0 , εjlnAknBljk = 0

take place at b(1) = b(2) where we pose B133 = B233 for values of coefficients Bk33, k = 1, 2.
Substituting calculated values in (34) we find 2bb(2)(1 − λ2)f (13) = 0. From here, it follows
f (13) = 0.

VII. Due to f (13) = 0, it follows from (34) that f (11) = −f (16), since εjlnAnkBljk is not
zero in the general case. Taking into account this equality together with f (13) = 0 as well as
the equalities (30) and (31), we write the equation (23) in the following form:

f (12)Xj∇k[X,∇]jXk − f (14)Xj∇k

(
εklnXn∇jXl − εjkl(X,∇)Xl

)
+

+f (16)Xj∇k

(
Xk[∇,X]j − [X,∇]jXk − εjkl(X,∇)Xl

)
−

−f (17)Xj∇k

(
Xk[∇, X]j − εjkl(X,∇)Xl

)
= 0 .

Using the solenoidal property and the unimodularity of the field X and introducing the
notations Ajk = ∇jXk, Bjkl = ∇k∇lXj, this equation is reduced to the following form by
means of simple transformations within the tensor algebra:

(f (12) − f (14) − f (17))εklmXlAkjAjm − f (14)εjkmXlAkjAlm − 2f (16)εjlmXjXkBmkl = 0 .

Here, the left-hand side presents a decomposition on linearly independent invariants composed
of tensors Ajk, Bjkl and pseudovector Xj. From the resulting equation, which should be
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satisfied for any solenoidal, unimodular, twice continuously differentiable field X by R3, it
necessarily follows that f (16) = 0, f (14) = 0, f (12) = f (17).

Denoting, now, f (12) = γ and taking into account all the restrictions on the choice of
coefficients f (α) obtained during the analysis, we come, on the basis of (15), to the following
general form of differential operators of the class K2 having divergent type in the space C2

which preserve the unimodularity and the solenoidal property of the field:

Lj[X] = γ∇k

(
[X,∇]jXk − [X,∇]kXj + Xj[∇,X]k −Xk[∇,X]j + εjkl(X,∇)Xl

)
. (37)

We summarize the results of the analysis in the form of the following statement.
Theorem 4. Linear space of all differential equations Ẋj = Lj[X], j = 1, 2, 3 for

pseudovector fields X on R3 which are defined by partial differential operators Lj[X],
j = 1, 2, 3 of second order having the divergent type and such that they are contained
in the class K2 in the space C2 and they leave invariant any manifold {X : (∇, X) =
0; X2 = M2, X ∈ R3} ⊂ C2 with any value M2 ∈ (0,∞) is one-dimensional. This linear
space is described by the formula (37) with an arbitrary constant γ ∈ R.

4. Conclusion. The idea of our study is connected with the problem of describing at the
macroscopic level the dynamics of complex condensed matter. The concrete result obtained in
the work is connected with the problem of constructing an adequate evolutionary equation for
the field M of magnetization density, which preserves the unimodularity and the solenoidal
property. It is known the Landau-Lifshitz evolutionary equation (see, for example, [24], [28])
which has the form in the spherically symmetric case

Ṁ = γ[M , ∆M ] .

It has a divergent type, since [M , ∆M ]j = ∇kεjlnMl∇kMn. It preserves by obvious way the
unimodularity of the field, but, it does not preserve the solenoidal property as Theorem 4
shows, if we replace X(x, t) ⇒ M (x, t).

In the paper we have analyzed only the simplest problem among those related to vector
fields which could be of interest for physical applications. The obvious generalization of
the studied problem is to move away from spherical symmetry, that is, one may use the
decomposition of generator set of tensor algebra by the second rank tensor characterizing
the asymmetry of the medium when building all possible covariant tensor-functions. In this
problem formulation there is a much richer set of tensor coefficients which determine the
tensor function Sj; k[X], j = 1, 2, 3. It leads to a more time-consuming analysis of all the
possibilities presented.
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