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Abstract
The main problem during the fermentation process is competition between microorganisms and provision of favorable conditions
for archaea. The elements like magnesium, sodium and calcium play an important role during the anaerobic digestion, due to its
capability to maintain normal life activities. Besides magnesium can work like effective catalyst during the fermentation process.
Therefore, this work reports the influence of the mentioned elements on methane production. Moreover, mathematical model
for biogas production for anaerobic digester was presented, which based on a continuous technology. This high-activity and
cost-effective mathematical model could improve biogas production efficiency as a tool support for understanding fermentation
process.

1. Introduction
Biogas plants are environmental friendly due to their capability of methane emission reduction. The fermentation process in such biogas plants is a very complex process which can be compared to the digestion
process in mammals (e.g. cows and pigs) stomach because during chemical digestion, which occurs in the
gastrointestinal tract, food is digest into small molecules by digestive enzymes. Consequently, the biogas
plants often use piggery manure1 or cattle-manure2 as an inoculum. Such material, containing ready culture
of bacteria and partially digested, allows the fermentation process in the tank to begin3 . In addition to the
inoculum, temperature (psychrophilic, mesophilic, thermophilic)4 ,total solid5 , carbon in glucose6 and pH7 ,
which influence archaea 8 survival capability also influence the methane production9 .
It is known that magnesium (Mg) takes part in some important processes in our life such as carbohydrate
and glucose metabolism10 . The glucose metabolism for the formation of thiamine diphosphate (TDP) from
thiamine requires Mg 11 . Therefore, the microorganisms that are involved in methane production may also
need the Mg. For instance, Li et al. reported that magnesium oxide in the co-fermentation process was an
effective additive12 . In another similar study by Wang et al., it was discovered that hydrogen production
was linearly increased by using Mg element13 . Not only Mg could have influence on methane production,
but other elements like sodium (Na) and calcium (Ca) may also influence this process. This assumption
was backed from the previous reports in literature indicating that methane production could be increased
by using potassium hydroxide, calcium hydroxide and sodium hydroxide 14-17 .
Besides, the information about influence these elements on methane production can be used for improving
efficiency of mathematical model which could be a good tool for biogas plants. Such way could be used
for prediction methane production before real production would be started. Unfortunately, many presented
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models took into account not sufficient amount of factors or not crucial factors for methane production.
For instance model presented by Masse and Droste contained a large amount of factors like for example:
requirement of ammonia-N, total concentration of acetate or rate of hydrolysis. Besides for this model was
conducted only few tests and average error for calculation methane production was 28% 9 . However, most
of the studies focused on all four stages18-21 (hydrolysis, acidogenesis, acetogenesis, methanogenesis22 ). This
generate a large amount of variables but it does not guaranty a high model efficiency. For instance model
created by Minot included a large amount properties and based on bacterial growth curve23 . Moreover in
this work was found only one sample for testing. Therefore this model cannot be reliable. Similar situation
can be found in model presented by P. Axaopoulos and P. Panagakis24 . Situation looks better for next work,
where relative error was smaller than 20%25 .
Obviously, the information presented above does not fully describe the factors and models of methane
production, but it can be claimed that most of them need very precise information about the process.
Besides, because information about the influence of crucial elements during fermentation process is limited,
it was decided to extend this knowledge and improve mathematical model. Therefore this study aimed to
present mathematical model for continuous technology in biogas plant, which take into account influence
of the crucial elements: initial carbon content in the dry mass of the substrate, influence Mg on methane
production, volumetric load, temperature, pH, etc.

2. Materials and Methodss
2.1. Feedstock and inoculum
The materials used in this study included: grapes, maize and millet, which were collected from the shop in
Xiamen city Fujian Province. The straw and grass was collected from village of Xiamen. Dried straws were
chopped using a grinder (Hummer 900) to an approximate size of 2-3 mm. Inoculum was obtained from a
laboratory-scale working pig manure digester that treated pig wastewater form the same pig farm.
2.2. Experimental setup and operation
The methane production from straws and animal manures were determined using a batch method based on
the techniques presented by Moller et al.26 . Each material was tested in duplicate using erlenmeyer flasks
with a working volume of 250 mL, then kept at a mesophilic temperature 37o C. The initial ratio of VS of the
substrate to inoculum (S/I) was set to 2:1. After mixing the inoculum with the materials in the erlenmeyer
flasks, distilled water was added to an effective liquid volume of 200 mL. All the erlenmeyer flasks were tightly
closed with rubber septa and foil after being flushed with nitrogen. In ensuring uniform mixing, the reactor
contents were shaken every day with continued fermentation for a period of 35 days until no gas production
was further observed. The compositions in the different batch set-ups were as follows: The initial VS loading
included 15 g VS/L of grapes, millet, maize, grass, and dried straws. The pH values of the different digester
were about 7. The concentrations of Mg, Na and Ca were determined by inductively coupled plasma-optical
emission spectroscopy (ICPOES). The biogas volume (V1) was measured by its displacement of water. The
concentration of methane was determined using a gas chromatography with the TDX-01 carbon molecular
sieve packing flotation column and high-purity argon as a carrier gas with a flow rate of 35 ml/min. The
peak signal was detected by Thermal Conductivity Detector (TCD). The parameters for the instrument were
controlled as follows: The temperature of the injection port, the column, the hot wire and the detector was
210, 135, 175 and 155 o C, respectively. Meanwhile, the gas injection volume was 100 μL. The TS and volatile
(VS)/TS of the inoculum were 3.41% and 47.91%, respectively.

2.3. Data for analysis
The necessary data needed for the analysis was obtained from the papers27-29 , dissertation30 and from the
current conducted experiment in this work (Table S3). The results on methane production for the batch
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system as well as the amount of Mg, Na and Ca in the examined materials, were retrieved from literatures26,31 .
For conducting analysis in these two works, the following materials were used: chicken manure CHM, cattle
manure CAM, swine manure SM1 and SM2, corn straw CS and rice straw RS (Table S1). Note that, only
mixture of substrates was taken into consideration in a situation where two substrates were used in a codigestion fermentation. Then, the amount of every element was divided by the mass of the mixture. All the
elemental contents were first converted to milligram of element per 1 gram of the mixture. The Mg, Na and
Ca content in the mixture was established on the basis of the simple equations 1 – 3.
Pr
h i
(ITSj •Mg •Mj ) mg
M g = j=1 Pr (Mj )j
g (1)
j=1
Pr
h i
(ITSj •Naj •Mj ) mg
N a = j=1Pr (Mj )
g (2)
j=1
Pr
i
h
(ITSj •Caj •Mj ) mg
Ca = j=1Pr (Mj )
g (3)
j=1

Where M is the mass of influent material [g]; ITS represents fraction of influent dry matter [%]; Na, Mg
and Ca represents the fraction of sodium, magnesium and calcium content in the dry mass of material,
respectively [%]; j is a number of materials, r is a maximum number of materials.

2.4 Model assumption
• It was assumed that hydrogen content in the fermenter chamber is sufficient.
• The mixing has no influence.
• The dissociation rate was not taken into account because biogas plant is a large object and a huge
amount of material cause very small concentration of the acetic acid. Therefore the dissociation rate
is close to 1 and the made mistake is very small too.
• The same difference between the effluent and influent material in fermentation chamber. The influent
and effluent of the material is equal.

2.5 Model description and setup
The below chemical reactions (reaction 4 and 5), after simplified to the reaction 6, were used as the based
equation in the presenting mathematical model. The production of methane in previous stages were omitted
because methane is mainly produced in the last stage (methanogenesis). These equations refer to the
hydrolysis, acidogenesis and acetogenesis stages but of course it is a big simplification.
C 6 H12 O6 → 2CH3 CH2 OH + 2CO2 (4)
2CH3 CH2 OH + CO2 → 2CH3 COOH + CH4 (5)
6C → 2CH3 COOH (6)
Then the two below chemical reactions (reaction 7 and reaction 8) are used to calculate total methane
production.
CO2 + 4H2 → CH4 + 2H2 O (7)
CH3 COOH → CH4 + CO2 (8)
The previous model based on three phases (log period, exponential phase, stationary phase 32 ) and it took
into account the factors such as: temperature, pH, hydraulic retention time, mass of the substrate, humidity
of the mixture, mass of available archaea, specific growth rate, volume of the fermenter, initial carbon content
in the dry mass of the substrate, dry mass content in the substrate, content of organic dry matter in the dry
mass, initial nitrogen content in the dry mass of the substrate and content of degradable compounds in the
dry organic mass. Almost all of them mentioned factors have strong influence on the fermentation process;
e.g. humidity of the mixture influence strongly the final methane production. For example, low humidity of
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the mixture inhibits archaea growth. New model for continuous technology based on exponential phase and
additionally includes the above mentioned factors and also considered the influence of the followed factors:
biogas plant working days, influent of new substrate, chamber volume and sodium, magnesium and calcium
content.

3. Result and discussion
3.1. Elements
3.1.1. Mg
The methane production increased slowly with increasing amount of magnesium (Fig. 1). Therefore, Mg
content in the mixture shows to be an important component in the fermentation process. Calculated on the
basis of equation 1, the relation between Mg content and the total methane production in the mixture for
a wide range of materials, is evidently linear. The same situation can be observed for the amount group of
experimental data.
During fermentation process for bath technology it was observed that smaller pH cause lower methane
production29, 33 . But during experiment it was observed high methane production for mixture, where the
initial pH was lower than it should be. The higher production caused by elements probably occurred because
elements like for example magnesium allow to archaea and bacteria to increase their metabolism and create
more methane before environmental start to be toxic for them.
3.1.2. Na
A relationship between Na content and the methane yield was found. It can be observed that Na content
in the mixture and total methane production in the mixture, for a wide range of materials, has a linear
relationship (Fig. 2). Only two points near the 1 ml/g methane production were out of the range. The
different situation can be observed from the experimental data. It cannot be clearly deduced whether the
sodium growth could have some influence on the methane production.
3.1.3. Ca
The observed methane production ranging from about 3.5 ml/g to about 7.5 ml/g (Fig. 3) had a linear
trend. Similar to sodium, only two points near the 1 ml/g methane production were out of range. From
the results, it cannot be strongly confirmed that the increase in the calcium resulted to a higher methane
productivity. This is due to the high complexity of the process for the organic matter degradation.

3.2. Mathematical model
3.2.1 Archaea divisions
The amount of archaea divisions (μ) per day for bath technology and continuous technology is calculated by
using below equation34 :
1
0.693
(9)
µ = 50(1.1−W
)2 d
Where W is the humidity of the mixture, μ archaea divisions per day. The number 0.693, 50 come from
equation which allows to calculate generation time 32 . The value 1.1 allow to check the influence of humidity.
Minimum value for this influence is 0.1.
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3.2.1. The pH coefficient
After new factors were careful analyzed, new equation was created, as shown in equation 10. Because it was
proved that greater amount of elements in a mixture cause more production (even when pH was lower), the
new equation modified a little conditions cause by pH. But before equation 10 can be calculated, first, the
amount of Mg, Na, and Ca in equation 11, 12 and 13 respectively in the mixture of substrates, must be
calculated. When the amount of the three elements is known, the coefficient for every element (from equation
11 to 13) can then be calculated. The values 0.25, 0.2 and 0.05 was chosen after the test and conclusions
– model obtained the best results for these values. The value 3 was used to get the average from the three
coefficients.
EpH = pH +

RMg +RNa +RCa
(10)RMg
3

0.05

= (Mg)

0.2

(11)RNa = (0.25Na)

(12)RCa = (0.25Ca)

0.2

(13)

Where: RMg , RNa and RCa are the calculated coefficients for the elements, and EpH denotes the coefficient
for modified pH value. Mg, Na and Ca is amount of magnesium, sodium and calcium in a mixture [g].
In the next step modified pH is used for calculations mass of archaea (equation 14).
MpH = 0.9e−0.5(|pH−(7.65+EpH )|)
Where, M

pH

2.89

(14)

represents new pH coefficient. Values -0.5, 2.89 and 7.65 come from previous work34 .

3.2.2. The temperature coefficient
According to results in the literature,equations for the temperature influence were modified. The optimum
temperature was changed from 38o C to 37 o C for mesophilic fermentation and from 55 o C to 54 o C for
termophilic fermentation34 .
Twsp =

1
2T
1+( T −37
10 )

∈ [25o C, 47.5o C](15)

Twsp =

0.9
2T
1+( T −54
)
9

∈ (47.5o C, 75o C](16)

Where, Twsp represents temperature coefficient,T represents temperature in celcious.
3.2.3. Volumetric load
The volumetric load is strictly responsible for methane creation during methane production in biogas plant,
which used continuous technology. Therefore effect of volumetric load on the process was determined on
basis of the available literature knowledge. In available literature it can be found that typical volumetric load
range for biogas production was from 2 to 4 [gVS(L [?] d) -1 ]28 . For instance in the work 3 all experiments
were operated at an organic loading rate equal to [3.5 gVS (L [?] d)]-1 .
Theoretically, if volumetric load is bigger than 4, then microorganism cannot use all biomass and convert it
in to methane. In the other hand, if this coefficient is lower than 2, microorganism do not have sufficient
amount of organic dry matter, which can be convert in to methane.
Below equation 17 describes volumetric load influence. This equation contains organic dry matter in the
biogas plant and allows to simulate the growth of archaea in a water environmental. When the amount of
water in fermentator chamber is high then microorganism can growth fast35 .
Pr
(Mj •ITSj •IVSj )  g 
Br = j=1
(17)
V
dm3
Where, Br represents volumetric load; IVS represents influent dry organic matter [%], V represents tank
volume [dm3 ], j is a number of material, and r is a maximum number of materials.
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3.2.4. Amount of carbon
The algorithm for estimation carbon amount in mixture can be described as follow (equation 18):
Pr
g h i
r
(Mj •ITS
j •IVSj •(1−Uj )•Cj )
g
Pr
C g = i=1
(Mj )
g (18)
j=1

Where, Cg , represents initial amount of carbon in a material [%]; Uj r , represents content of non-degradable
compounds [%].
3.2.5. Estimation of methane production
For biogas plants (continuous technology) methane production is almost constant during production time,
therefore parameter ‘k ’ was describe by using equation 19. In this equation parameter ‘k ’ does not change
during the process.
k = Twsp e−2(1−MpH ) [−] (19)
The typical archaea growth curve32 shows the various stages of the development of archaea but for the
continuous production was prepared only one equation which simulate develop of archaea (Md ) in the real
biogas plants:

Md = min M, µM eTwsp [g](20)
After parameter ‘k ’ and ‘develop of archaea’ are calculated, amount of available carbon (equation 21) and
production of acetic acid (equation 22) are calculated. Value 12 is the mass number of carbon (12 g mol-1 ).
Number 2 and 6 are the numbers of carbon molecules that take part in chemical reactions (equation 6). The
number 36 is 12 (12 g mol-1 ) multiply by 3. The number 3 was added because from chemical equation 6 it
can be seen that from 3 atoms of carbon it can be produced 1 atom of acetic acid. The volumetric load ”Br”
in the equation estimates amount of carbon, which archaea, processed into methane. For instance if the Br
is equal to 2.5 then 100% of carbon can be processed into methane. But if the Br will be lower or higher
than 2.5 then the amount of carbon, which can be used by the archaea, will be decreased.


C g •M
C[i] + 12 d −6k•C[i]
C[i+1] = max 0,
[mol](21)
2
1+( Br−2.5
)
6
H[i] = {
k
1+(

C g •Md
36
Br−2.5
6

2

)

2k • C[i+1]

[mol]
[mol]

C[i+1] = 0

(22)

C[i+1] > 0

Where, i represents process step, C represents carbon content in the substrate [mol].
Methane production in the large objects like biogas plants can be compared to the microorganism continuous
culture. In this kind of culture, livings conditions for microorganism are almost constants. Therefore
according to the kinetic equations, which were used for the laboratory scale 34 , it was developed equations
which allow to make simulation for archaea growth in biogas plants. For the continuous technology, at the
beginning (in the first step) following values: Mch [1],Ha [1], Da [1], are equal to zero since those compounds
are outcome of following reactions 23, 24 and 25 are calculated:


a
(23)
Mch[i] = k H[i] + H[i]
Where, represents final methane production, H represents amount of acetic acid, Ha represents amount of
acetic acid remaining after the processing.
Then it is checked how much carbon dioxide (Da [i] ) and acetic acid (Ha
(equations 25 and 24).


a
a
Ha[i] = H[i−1] + H[i−1]
− k H[i−1] + H[i−1]
(24)
6

[i]

are left in the anaerobic chamber
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a
a
a
(25)
D[i]
= Mch[i−1] + D[i−1]
− k Mch[i−1] + D[i−1]
Then total production of methane (Mch ) (equations 26 and 25) from carbon dioxide(Da
hydrogen is summed up with production of methane from acid acetic (H [i] ).


Pn 
a
(26)
M = i=1 Mch[i] + k Mch[i] + D[i]

[i] )

bonding with

3.3. Verification of the model
The correctness of the model was estimated with the use of the following measures: relative error of deviations
(Bw) defining the difference of the results obtained from the model and tests:
Pn Oi −Pi
Bw = 100
(27)
i=1
n
Oi
Then the relative root mean square error (RRMSE)36 was the next measure method, which checked the
relation between the data calculated from the model, the empirical values (RRMSE and CRM test). The
closer the result is to 0, the better the fit of the model to the observed values:
Pn

RRM SE =
CRM =

[

0.5

i=1

Pn
i=1 Pi
Pn
i=1 Oi

(Pi −Oi )2 /n]
O

(28)

(29)

In the case of the mean absolute error (MAE), the average value of the error produced by the model was
examined (equation 30).
M AE =

Pn

i=1 (Pi −Oi )

n

(30)

Where Pi , Oi , n andO represents the predicted data, observed data, amount of data and average from the
observed data, respectively.
The group of 35 samples from the literature were examined (Table S1). First, group without the use of
new equations were tested (equation from 10 – 14; Eph was equal to 0). The obtained average error was
23.8%. Then, the same group with the use of new equations were tested. The average error was 5.5% lower.
Therefore, the results presented in table 1 indicate a good prediction. The value of deviations for RRMSE
and CRM not greater than 0.3 which indicates a satisfactory fit of the model to the observed values. Besides
in table 2, the results for the RRMSE and CRM are much better that in table 1, which indicates an improved.
The same situation can be observed for the mean absolute error. Result in the table 2 (267.32) is better
than in table 1 (353.44). More details about the results can be found in table S2.
In the case of biogas plants where continuous technology is used the data from pilot study was obtained27,29 .
For the first biogas plant the average error was smaller than 12.5% and for the second pilot biogas plant the
average error was smaller than 21%. (Fig. 4 and Fig. 5).

4. Summary
A mathematical model based mainly on the amount of elements (magnesium, sodium, calcium) in the mixture
was presented in this paper. All previous factors, which were included in the further version of the model
22
, were also included. The following conclusions can be drawn on the basis of the analysis and verification
of the developed mathematical model:
• The verification of the new equations showed that the developed model is suitability for the prediction
of methane yield in the processes of fermentation agricultural substrates. This suitability works with
good results under laboratory conditions as well as in agricultural biogas plants applying the continuous
technology.
7
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• The analysis of the impact of magnesium sodium and calcium showed influence of this elements on
methane yield.
Suplementary data
Supporting Information for this article can be found under [Link provided by . . . . . . .]. This section includes
additional table with the results [Tables S1].Acknowledgements
This work was supported by National key research and development program (2019YFC1805800), the Science
and Technology Project of Xiamen City (3502Z20183009) and the National Natural Science Foundation of
China (41641033).

5. References
1. Andara RA, Esteban LMJ. Kinetic study of the anaerobic digestion of the solid fraction of piggery slurries.
Biomass and Bioenergy. 1999;17:435-443.
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